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ABSTRACT 


~~ — ^Given  a  compactly  fixed  map  f: U  -*■  M,  where  U  is  an  open  subset  of  a 
manifold  M,  it  is  a  classical  result  that  one  can  assign  an  integer-valued 
index  I(f,U)  to  this  situation  with  the  property  that  I(f,U)  implies 

f  (and  any  compactly  fixed  perturbation  of  f)  has  fixed  points  in  U,  i.e. 
solutions  to  the  equations  f (x)  =  x.  However,  it  can  still  happen  that 


I(f ,U)  =  0  and  f  has  essential  fixed  points  in  U.  The  objective  of  this 

paper  is  to  provide  a  finer  invariant  o(f,U),  called  the  local  obstruction 

index ,  which  has  the  property  that  o(f,U)i  /  0  if,  and  only  if,  every  compactly 

fixed  perturbation  of  f  has  fixed  points  in  U.  o(f,U)  is  not  integer-valued 

'  m  .  ^  /V-  " 6 

but  takes  its  value  initially  in  the  cohomology  group  H^(U,5(f))  where 
m  =  dim  M,  and  5(f)  is  an  appropriate  local  coefficient  system  on  U  with 
local  group  Z(ti],  tt  =  (M)  .  In  order  to  compute  o(f,U)  one  employs  a  Kronecker 

product 

<  •  ,  H>  :  Hm(U;5(f))  -*•  HRli.  <£, ]  . 

c  u  U 


R[iy,  ^>  ]  is  the  set  of  Reidemeister  classes  obtained  from  the  group  it  using  the 
Reidemeister  action 
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a*°  =  V°  V°>  '  0  £  1t^u*  *  11^(0),  a  e  v 

where  iy  :  rr(U)  ■*  v  is  induced  by  inclusion ,  =  fA  :  n(U)-»  n  ,  and  u 

is  the  twisted  fundamental  class  on  U.  Then,  we  have  the  following  basic  result: 

Theorem.  <o(f,U),p)  *  £  I(f,p)p 

peR 

where  R  -  R[  ,  and  I{f,p)  is  the  classical  integer-valued  index  of  f  on 

the  Nielsen  class  corresponding  to  the  Reidemeister  class  p. 
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SIGNIFICANCE  AMD  EXPLANATION 


An  important  problem  in  mathematics  and  applied  areas  is  to  find  solutions 
to  an  equation  of  the  form  f (x)  =  x  on  a  given  region  or  manifold  M.  Such 
solutions  are  referred  to  as  "fixed  points".  Here  f  is  a  given  formula 
(continuous  mapping)  on  the  manifold.  It  is  also  convenient  to  determine  whether 
solutions  to  the  same  equation  exist  in  a  given  subregion  U  of  the  manifold. 

One  classical  approach  to  this  problem  is  through  "Fixed  Point  Index  Theory". 
Specifically  one  assigns  to  the  data  (f,U)  an  integer  I(f,U)  with  the  pro¬ 
perty  that  when  I(f,U)  t  0,  then  solutions  to  the  equation  f (x)  =  x  exist 
in  U  and  furthermore,  solutions  survive  under  perturbations  of  the  data 
(essential  solutions).  One  can  think  of  this  index  I(f,x)  as  a  "local  degree" 
similar  to  the  concept  of  "windinq  number"  in  complex  variable  theory.  However, 


on  complicated  manifolds  it  is  possible  that  I(f,U)  =  0  .  and  essential  solutions 


still  exist.  This  is-  a-e»naiderabAe-  <A*t«ie4s~of  thi-*- index  The  main  objective 
Chts  -pap«>  is  to  assign  to  this  data  a  new  index,  o(f ,U) ,  which  is  not  neces¬ 
sarily  an  integer,  which  removes  this  fundamental  defect  so  that  now  the  equation 


has  essential  solutions  in  U.  i4-T-~a«d— • -e4f A  general  formula 


for  computing  the  value  of  o(f,U)  is  also  given. 

*S 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive  summary 
lies  with  MRC,  and  not  with  the  authors  of  this  report. 
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Edward  Fadell  and  Suffian  Hustseini 

1.  Introduction 


This  paper  is  a  sequel  to  (I).  There  we  associated  to  a  globally  defined  map  f  :  M  •  M 
on  a  compact  manifold  an  obstruction  class  o(f)  t  Hm(MiB(f)),  m  »  dim  M,  where  8(f)  is  an 
appropriate  bundle  of  groups  on  M,  with  local  qroup  isomorphic  to  El*).  n  “  *j(M).  We  also 
identified  o(f)  with  an  element  I.  (f)  •  XRlx.v'l,  where  is  the  set  of  Reidemeistei 

IT 

classes  of  *  induced  by  the  homomorphism  ^  »  f  „  :  w  x .  L  (f)  had  the  form 

•  TT 


l  (f) 
* 


t  J  i(p)p 

Pt  R 


where  R  •  Rlx.'Pl  and  I(p)  is  the  index  of  the  Nielsen  class  of  f  corresponding  to  e. 

This  gave  us  a  specific  relationship  between  the  obstruction  o(f)  and  the  Nielsen  number 
n(f)  of  f,  or,  more  precisely,  between  o(f)  and  a  generalized  Lef schetz  number  L^if) 
which  played  the  role  of  a  global  index  and  which,  in  turn,  was  expressible  in  terms  the  Nielsen 
classes  of  f.  As  a  consequence,  for  example,  L^(f)  **  0  forces  o(f)  «  0  and  one  obtains 
the  appropriate  converse  of  the  Lef schetz  Fixed  Point  Theorem  for  non-simplv  connected  manifolds. 

Our  objective  here  is  to  carry  out  this  program  locally  and  thereby  give  a  generalised 
local  index  theory. 

Section  2  is  devoted  to  the  local  obstruction  index.  Starting  with  a  smooth  or  PI,  mani¬ 
fold  M,  dim  M  ^  3,  the  inclusion  map  Mxm-A^MxM  is  replaced  by  a  fiber  map 

pi  E  -»  M  *  M  and  the  bundle  8  of  coefficients  is  the  local  system  *  ,  (F)  on  M  *  M, 

m-1 

where  F  is  the  fiber  of  p.  The  group  *  (F)  is  identified  in  (1)  as  *1*1.  where 

m-1 

*  •  *^(M)  and  the  action  of  *  x  n  on  *[*]  is  given  by  the  right  action 
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«  •  (o,  t )  -  (sgn  o)o  la  t 

Now,  we  suppose  that  we  are  given  a  map  f  t  ll  *  M,  which  is  compact  ly  fixed  on  0  (i.e.  fix  f 
is  compact  ),  U  an  open  set  in  M.  Let  5(f)  denote  the  bundle  of  groups  on  N  induced 
from  S  by  i*fil)-*M«M.  The  local  obstruction  index 

o ( f )  -  o(f,U)  ,  HmiUiS(f)) 

C 

is  defined  by  first  taking  a  compact  m-manifold  K  with  boundary  3K  such  that  K  >  U  and 
(Fix  f)  c  int  K.  Then,  if  E(f)  is  the  induced  fiber  space  (i  *  f)  (E) ,  there  is  a  natural 
partial  section  s^if)  >  3K  *  E(f)  and,  consequently,  a  primary  obstruction 

o(f,K)  t  HI"(K,3Kifl(f.K)) 

with  the  property  that  f  is  deformable  (rel  3K)  to  a  fixed  point  free  map  (into  N)  if, 
and  only  if,  o(f,K)  -  0.  By  letting  C  denote  a  slightly  smaller  copy  of  K,  o(f,K)  deter¬ 
mines  an  element  of  Hm(U,  U-C)  and  consequently  the  element 

o(f)  t  H™(Uif»(f)) 
c 

called  the  local  obstruction  index  of  f  on  U.  Among  others,  it  has  the  property  that  f  can 
be  deformed  by  a  compactly  fixed  homotopy  to  a  fixed  point  free  map  g  if,  and  only  if, 
o(f)  •  0. 

In  section  3  we  study  local  Nielsen  numbers  in  a  more  general  situation.  Here  f  i  1'  -•  X 
is  a  compactly  fixed  map  and  X  is  a  Euclidean  neighborhood  retract  (ENR  12)),  Given  two 
points  Xj  and  x.,  in  Fix  f  we  say  that  x^  and  x,  are  Nielsen  equivalent  If  there  is 

a  path  C  in  U  from  Xj  to  »,  such  that  C  and  Cf  are  homotopic  in  X,  modulo  end¬ 

points.  The  resulting  classes  (finite  in  number)  are  called  Nielsen  classes  of  f  in  0. 

Such  a  Nielsen  class  N(f,U)  is  essential  if  the  local  (numerical)  index  |2)  is  not  tero  on 
N(f,U).  The  local  Nielsen  number  n(f,U)  on  0  is  just  the  number  of  such  essential  classes. 
We  also  express  the  local  Nielsen  classes  in  terms  of  the  universal  covers  ^  i  l!  *  ll, 

n  t  X  -*  X.  One  takes  lifts  liU-*X,  fi6*X  of  the  inclusion  1  and  the  map  f  and 

identifies  it  and  it(U)  with  the  covering  groups  of  n  and  respectively.  Then,  a 

typical  Nielsen  class  has  the  form 


-2- 


where  Coin[",*l  is  the  coincidence  set  of  two  maps.  Next,  we  employ  the  notion  of 


Reidemeister  classes  in  the  situation  of  two  homomorphisms 


which  induces  the  right  "’-action  on  ti 


The  resulting  set  of  orbits 


(Reidemeister  classes)  is  denoted  by  RU,»*].  The  relationship  between  local  Nielsen  classes 


and  Reidemeister  classes  is  as  follows:  bet  i  :  * (U)  »  it 


*  denote  the  homo 


morphisms  induced  by  the  inclusion  and  the  map  f.  The  correspondence  rs  (Coinlfa,  il) 


)  bijectively  to  the  set  of  Nielsen  classes  of  f  on  U 


takes 


those  Reidemeister  classes  for  which  n  (Coinlfa,  il)  -  f.  Using  the  correspondence  T 


the  index  I(p)  of  a  Reidemeister  class  p  <  R[i 


is  defined  to  be  the  index  of  the 


corresponding  Nielsen  class  Tic) 


In  order  to  calculate  the  local  obstruction  index  o(f)  when  U  is  connected,  (§14,  5) 


we  make  use  of  a  bilinear  pairing  of  local  systems 


where  T( U)  is  the  orientation  sheaf  on  U  and  /f(f)  is  the  local  system  on  U  with  local 


group  X[wl  and  action 


Then,  if  u(U)  c  H  (U;  T( U) )  is  the  twisted  fundamental  class  on  U  we  have  a  cap  product 


based  on  the  above  pairing  and  a  Kronecker  product 


We  are  now  in  a  position  to  state  the  main  theorem  which  expresses  the  local  obstruction 


index  o(f)  in  terms  of  Reidemeister  (Nielsen)  class  of  f  on  U 


Theorem.  Let  R  -  R[i ,,,  *, 1,1.  Then 


2 .  The  Local  Obstruction 


Let  M  denote  a  connected  (not  necessarily  compact)  manifold  of  dimension  »  ;  i.  and 


A  c  M  *  M  the  diagonal.  Then,  if  we  replace  the  inclusion  map  i  :  M  *  M  -  A  c  M  «  M  by 


we  recall  11)  that 


a  fiber  map  p  :  E  ■»  M  *  M 


where  I  is  the  interval  10,11  and  p(a,8)  *  (a(l),8(l)).  Furthermore,  if  b  »  (x,y)  •  M  *  M 


(F  )  is  a  bundle  (local  system) 


is  1 -connected,  so  that  F. 


of  groups  on  M  *  M.  We  denote  this  bundle  by  5  ■  B (M  x  M) .  In  )1),  we  obtained  a  description 


of  the  structure  of  B  as  follows:  We  fix  a  base  point  b  »  (x,y)  c  M  x  M  -  A  and  let  b 


denote  the  constant  path  at  b.  Then  we  identify  it  with  it  (M,x)  and  it  *  it  with 


Then,  there  is  an  isomorphism  of 


with  x  near,  but  distinct  from 


local  systems  (on  M  x  M  -  6) 


given  by  the  exponential  map  and  was  employed  to  establish  the  following  theorem 


2.1  Theorem.  There  is  an  equivariant  isomorphism 


where  the  action  of  x  x  it  on  it  (F  ,b)  is  given  by  B  and  the  action  of  it  x  it  on  35  (it) 


is  given  by  the  right  action 


a  and  T  belong  to  »  and  sgn  o  is  t  1  according  as  o  preserves  or  reverses  a  local 


orientation  at  x  f  M 


2.2  Remark;  If  *  is  identified  with  covering  transformations  of  n  :  M  M,  the 
universal  cover  of  M,  then  a  ^ar  is  to  be  read  as  composition  of  functions  from  left  to 
right.  In  fact,  we  will,  in  general,  write  compositions  of  functions  from  left  to  right. 
However,  we  will  still  write  a(x)  for  the  value  of  the  function  a  at  x  and  thus  we  will 
also  write,  for  example, 

(aBY) (x)  ■  y(6(a(x) ) 

In  general  group  actions  will  be  from  the  right  and  if  ti  acts  on  X,  xa  may  be  used  for  the 
action  of  a  <  tt  on  x  e  X  as  well  as  a(x).  In  [11,  we  used  the  corresponding  left  action 

(o,t)  »  a  «  (sgn  o) t  a  o  1 

reading  composition  of  functions  from  right  to  left. 

We  review  briefly  this  isomorphism  £  in  Theorem  2.1.  £  is  obtained  by  establishing  an 

isomorphism 

V  !  *[*]  -*  it  (M  x  M,  M  x  M  -  A,  b) 
in 

and  setting  £  »  vip .  The  structure  of  v  is  a  bit  involved  and  takes  the  following  form. 

Again,  let  n  s  M  ■*  M  denote  the  universal  cover  of  M.  Choose  a  base  point  x1  e  M 

over  x.  We  identify  it  with  the  covering  group  of  n  and  if  we  set  x  *  x.o,  u  t  t,  then 

a  l 

n  1  fx)  »  a  t  it).  The  diagram 

-  Pro^l . I 

M  » - (M  x  m,  M  x  n  -  C  (&)) 

(X)  n  I  [  c 

i  proj.  X 

M  - -  (Mx  M,  M  x  M  -  A  ) 

where  C  -  n  *  n  and  the  horizontal  maps  of  (l)  are  fibered  pair  projections  on  the 
first  coordinate,  gives  rise  to  isomorphisms  for  each  o,  t. 

it  (M,  M  -  y  1(x)  ,  y  ) — — it  (M  X  M,  m  X  m  -  £  1  (A)  ,  (x  ,  y  )) 
rn  t  in  j  o  ~ 

(2)  *  *  I 

it  (M,  M  -  x,  y)  - - — ►  it  (M  *  M,  M  x  m  -  A,  (x,  y) ) 

m  tn 
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(M.  M  -  *1  aixi  (M,  M  -  n  tx)  >  are  the  fiber  naiis  of  the  horizontal  maos  in  (1). 

In  (2)  ,  y  -  Yj.  where  v ^  lies  over  y  and  is  chosen  near  x^.  Also,  the  top  hori¬ 

zontal  isomorphism  in  (2)  is  induced  by  the  fiber  inclusion 

0  !  1M,  M  -  n~ 1  ( X> )  c  (M  x  M.  M  x  M  -  C*1  (d)  ) 

given  by  0,(u)  •  (x^,  u) .  Applying  the  Hurewicz  Isomorphism  Theorem,  we  have 

-  (M.  M  -  n  ‘(Xl.  y  > - — »  u  |M  x  M,  M  «  M  -  t‘l (A) ,  (x  ,x  )) 

m  t  m  !  oi 

.  t  .  e  1  , 

HIM,  N  -  r>  (x>)  - - - ►  H  (M  X  M,  M  -  t'1  (4) )  . 

m  m 


Now,  choose  a  cell  neighborhood  V  of  x  and  corresponding  neighborhoods  Va  of  xa, 
evenly  covering  V  so  that  V^a  ■  V^.  Choose  a  local  orientation  at  x,  thereby  determining 
a  generator 


Y1  e  VV  V1  -  V 


and  since 

H  (M.  M  -  n~X(x))  «•  l  H  (V  .  V  -  X  )  , 

m  *•  m  a  a  a 

a  (i 


the  correspondences  a*—*  y^a  >  -  P^IYjO)  give  rise  to  the  isomorphism  v  as  the  following 

composition 

X  (*]  — — *  l  H  (V  ,  V  -  X  )— ~  H  (M,  M  -  n'1  (X) ) 
m  a  a  a  m 

a  v 

»L 

it  (M  X  M.  M  x  M  -  4.  b) « — — —  H  (M  x  M,  M  *  M  -  t _1  (A) 
m  m 


This  completes  the  sketch  of  the  structure  of  While  C  does  not  depend  on  the  choice  for 
x^  over  x^,  £  does  depend  on  the  orientation  chosen  at  x  and  the  choice  of  the  base  point 
b  -  (x,y) . 

There  is  also  an  alternative  description  of  £.  Define  a  correspondence 
W  :  X  t  w  x  w) - ►  H  (M  x  M,  M  x  M  -  5'1(d)) 


_ 
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We  factor  out  the  subgroup  0  of  *1*  »  *}  generated  by  elements  of  the  form 


Since  (11,  for  every  o  <  n 


u  Induces 


*(»)  be  defined  by 


Then,  «(D)  »  0,  and  we  have  an  induced  isomorphism 


Thus,  £  is  also  given  by  the  following  composition 


and  u>  and  u  are  equivalent  with  respect  to  the  right  actions  of  *  *  w  given  respee 
tively,  when  (o,i)  t  *  *  it,  by 


We  now  consider  the  following  data  which  we  designate  by  (M.f.U) 


2.3  The  data  (M,f ,U)  : 


(i)  M  is  a  smooth  or  PL  manifold  of  dimension  m  >_  3. 

(ii)  U  is  an  open  subset  of  M. 

(iii)  f  :  U  -*•  M  is  a  map  with  compact  fixed  point  set  Fix  f  c  U;  i.e,  f  is 

compactly  fixed. 

This  data  is  accompanied  by  the  following  ingredients  with  notation  as  follows: 

(iv)  i  :  U  M,  inclusion  map 

(v)  B(f)  the  bundle  of  coefficients  (local  system)  on  U  induced  by 

ixf:U-*-MxM  from  B  =  B  (M  x  M)  ,  i.e.  B(f)  =  (i  x  f)  *  (B  (M  x  M) ) 

(vi)  Py  :  E(f)  •*  U,  the  fiber  space  over  U  induced  from  p  :  E  -*•  M  x  m  by 

i  x  f,  i.e.,  E (f )  =  (i  x  f ) * (E) . 

Our  objective  is  to  define  a  local  obstruction  index  o(f)  e  H™(U,B(f)).  To  this  end 

let  K  denote  a  triangulable  compact  m-manifold  in  U  with  boundary  3K  such  that 

(Fix  f)  n  SK  =  ).  Define  a  partial  section  s  (f)  :  3K  •+•  E(f)  by 

o 

s  (f) (x)  =  (x,  f  (x) ) 
o 

where  u  denotes  the  constant  path  at  u.  Furthermore,  let  B(f,K)  denote  the  restriction 
of  B(f)  to  K. 

2.4  Lemma.  Let  K  be  as  above.  Then,  f|K  is  deformable,  relative  to  3K,  to  a  map 
g  :  K  -*■  M  which  is  fixed  point  free  on  K,  iff,  sQ(f)  admits  an  extension  to  a  section 
over  K. 

Proof :  The  "only  if"  part  is  obvious.  The  "if  part"  requires  a  simple  covering  homotopy 
argument  to  adjust  the  section  to  have  a  constant  path  in  the  first  coordinate  [1] . 

2.5  Definition.  Let  o(f,K)  e  Hm(K, 3K;B ( f ,K) )  denote  the  primary  obstruction  to  ex¬ 
tending  SQ(f)  to  a  section  s(f)  over  K.  o(f,K)  will  be  called  the  local  obstruction 
index  of  £  on  K  c  u. 

General  obstruction  theory  ([3])  implies  the  following  proposition. 

2.6  Proposition.  f|K  is  deformable  to  be  fixed  point  free,  relative  to  3K,  iff  the 
local  obstruction  index  of  f  on  K  o(f,K)  =  0. 
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M*tt)»  ifl)  -  l.iw  MWil>,  l»  -  v't  Mf»» 

fc 
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Mm(U,  0  -  Ko,  Mf't  *  M*\r,  »Kt  Mf.K't  , 
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Oltl  .  HmvV>t 

c 
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nmut,  u  -  R“t  tut))  -  h*(w.  i'  r  »  ,«trtt 

I  v>  v> 

w  %  i  1 % 

It  IR",  >'R“ t  Mt,*"!)  lC<R,  AK*  ,"lf,Rt\ 

X  * 

^  w 

H  iKM.  u 

t  «  R*  -  K  ♦  *iut  t.h#  rt*rr«ef>Qt¥dih\)  vtiAvnaw  «*  K*  wyXasvn  K,  (i>IU  that  oif*R) 

tV^W^v^  Vv*  hW\\'»  \>  '**■  S  \ T N  ^  Wno*  rt»»t«nwln0  th*  nawtp  pUw<5itt  in 

M*<Ul  .«(f'l. 

C 

}•»  .  (N.'motopy  Inver Unvel  Sttpyoe*  t'  t  tt  w  t  »  H  denotee  a  hettiotopy  euoh 

that  tj  ri»  te  .vtttpacti  i.e.  the  homotopy  te  CvStlpfotly  fVtte.l .  Set  l‘(  -  r  and  t^  -  a. 
The  Induced  homotopy 

i»f“ltt«tU  -»  M  "  M 


"if,  l" 


-X. 


t' 


."tv.l'' 


to- 


Induce*  *  hnn.tle  equivalence 


' 


which,  in  turn,  establishes  a  (coeff  tctent)  lsomorphir 


H  ill,  Pff.U))  »  It  (Hi  Mq, 

c  c 


Ui  1 


Then 


r  (o(f))  -  ofq) 


rtoof.  I.et  K  denote  a  compact  m-manlfold  with  boundary  .»K  such  tltat 

fix  ■  int  K,  so  that  K  may  be  used  to  determine  both  off)  and  ofq).  The  remainder 
of  the  proof  is  standard . 

2.9  Theorem.  Given  f  i  11  »  M,  then  there  is  a  compactly  fixed  humotopy 

T  »  1!  <  1  1  M  such  that  *  f  ami  *  q  is  fixed  i»oint  free  iff  the  local  bhnt luctlon 

index  o(f)  -  0  »  M*” (U ,  .Rff.M). 

c 

Proof .  An  immediate  consequence  of  2.7  and  2 .  ft . 

2.10  Remark.  Sometimes  we  will  display  tl  in  the  notation  for  o(fl,  i.e., 
off)  •  off, II).  Also,  if  f  s  M  *  M  is  globally  defined  off.ll)  will  denote  o(f|tl). 

In  order  to  state  the  "addivity"  property  of  the  local  index,  we  recall  some  facts. 
Suppose  V; ,  Vj,...,V^  are  mutually  disjoint  open  subsets  of  tl\e  open  set  Vi  and  0^  * 
are  compact  subsets.  Suppose  furthermore,  that  (?  is  a  local  system  on  V)  and  (?(  -  w|vc. 
Then,  for  each  t  we  have 

*  * 

i  1 

H  <V{.  Vt  -  C,|  <J(>  HW(U,  U  -  C{  l  u)  - HW(U,  VI  -  Cl  (?) 

where  1^ ,  j{  are  inclusions  and  c  -  U  c{ .  The  homomorphism  l^j*  Induces  a  homo- 
morphism 

at  i  <?t)  -  H*<Ui  (?) 

and  consequently  a  homomorphism 

a  ”  1°, 1 1  hp(v  *v  *  «> l?)  * 


The  proof  of  the  following  proposition  is  mxw  a  simple  exercise. 
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, 


2.10  Proposition  (Additivity)  Given  f  :  U  -*  M  (compactly  fixed  as  in  2. 

V  , ...,V  are  finitely  many  mutually  disjoint  open  sets  such  that  Fix  f  c  UV  . 
IK  £  ^ 

f ^  =  f  |  :  Vg  -*■  H.  Then  under  the  homomorphism 

a  :  I  Hm(V!  S(f.))  -  Hm(U;  5(f)) 

*■*  c  x,  c 

we  have 

0(1  off^))  -  o(f,U)  . 


3) .  Suppose 
Let 
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3.  Local  Nielsen  Numbers 


In  this  section  we  consider  maps  compactly  fixed  maps  f  j  U  -*  X,  where  U  is  an  open 


set  in  a  Euclidean  neighborhood  retract  (ENR  [2]).  In  particular,  then,  X  may  be  a  manifold 


(possibly  with  boundary)  or  a  locally  finite  polyhedron.  Notice  that  we  do  not  require  X  to 


be  compact,  nor  do  we  requires  the  map  f  to  be  compact.  The  fact  that  Fix  f  is  compact 


is  what  is  essential.  We  recall  also  that  for  ENR's  we  have  a  local  index  theory  with  the 


usual  properties  ( 2 ]  for  maps  f  :  U  -*•  X  with  compact  fixed  point  set.  I(f,U)  will  denote 


the  index  of  f  on  U 


Our  objective  here  is  to  take  a  compactly  fixed  f  :  U  ■+  X  and  classify  the  points  of 


Fix  f  into  local  Nielsen  classes  and  develop  the  necessary  elementary  properties.  Since 


there  is  a  distinct  parallel  between  the  local  theory  and  the  well-known  global  theory  14) 


we  wi'l  often  omit  details 


3.1  Definitions:  Let  x  and  x  denote  fixed  points  of  f  :  U  -*  X.  x  and  x 


are  Nielsen  equivalent  in  U  proved  there  is  a  path  C  in  U  from  x  to  x 


such  that 


C  and  Cf  are  homotopic  with  endpoints  fixed  in  X.  (Recall  that  composition  of  functions 


is  read  from  left  to  right.)  The  resulting  equivalence  classes  are  called  the  local  Nielsen 


classes  of  f  in  U.  N( f,U)  will  denote  the  set  of  such  classes 


3.2  Proposition.  The  local  Nielsen  classes  of  f  :  U  •*  X  are  finite  in  number 


Proof:  Since  X  is  an  ANR,  it  is  ULC  ((5))  and  this  forces  each  Nielsen  class  to  be 


open  in  Fix  (f) .  Since  Fix  f  is  compact  the  result  follows 


3.3  Notations .  We  designate  the  local  Nielsen  classes  of  f  :  U  ■»  X  by  #(f,U) 


}.  Furthermore,  if  f  :  X  -*■  X  is  globally  defined,  we  set 


N(f,U)  ■  N(f|u,  U)  j  i.e.  a  local  Nielsen  class  of  f  :  X  ■*  X  on  U  is  taken  to  be  a  local 


Nielsen  class  of 


3.4  Definition  the  index  X(N,(f,U))  of  a  Nielsen  class  N,(f,U)  is  defined  to  be 


I(f,V.)  where  V,  is  an  open  set  in  U  such  that  V.  n  (Fix  f)  -  N.(f,U).  If  the  index 


I  (N ,  (f,U))  0,  we  call  N.(f,U)  an  essential  class.  Finally,  the  Nielsen  number  n(f,U) 


of  f  :  0  -►  X  is  defined  to  be  the  number  (finite)  of  essential  Nielsen  classes 


3.5  (Homotopy  Invariance)  Theorem.  Suppose  H  :  U  *  I  -»  X  is  a  compactly  fixed  homo¬ 
topy,  i.e.  there  is  a  compact  set  K  c  u  such  that 

K  d  U  Fix  Ht  ,  0  <  t  <_  1  . 

Then,  n(H  ,0)  -  n(H, ,U) . 
o  1 

Proof !  The  proof  proceeds  in  a  manner  parallel  to  the  proof  for  compact  ANR's  in  14) . 
First,  set  f  ■  Hq  and  g  •  H1  and  if  C  is  a  path  in  U  set 

<H,C)(t)  -  H(C(t),t)  -  Hfc  (C(t) )  ,  0  £  t  <  1  . 

Thus,  <H,C)  is  a  path  in  X.  Now,  if  xq  t  Fix  f  and  x^  t  Fix  g,  we  say  that  x0Hxj 

(x_  is  H-related  to  x, )  provided  there  exists  a  C  in  U  from  x  to  x.  with 
o  1  -  o  1 

C  ~  <H,C)  (endpoint  homotopic)  in  X .  This  relation  H  induces  a  one-one  correspondence 
H  from  a  subset  of  JV(f,U)  to  a  subset  of  N( g,U)  via  the  relation  between  Nielsen  classes 

[N ( f , U) ) H  [N  (g ,U) )  — *  X  Hx,,  x  e  N(f,U),  x,  e  N(g,U) 

O  1  O  1 

(see  (4) ,  page  92) .  Up  to  this  point  the  fact  that  the  homotopy  is  compactly  fixed  is  not 
used.  It  is  used,  however,  at  this  point  to  show  that  H  is  bijective  from  the  essential 
Nielsen  classes  of  f  to  the  essential  Nielsen  classes  of  g.  Because  X  is  locally  com¬ 
pact  one  can  assume  that  the  compact  set  K  above  contains  Fix  in  its  interior  for  all 

t,  0  «  t  <  1.  Now,  open  sets  in  the  interior  of  K  may  be  used  to  compute  indices  of 

£ 

and  furthermore  H  i  K  x  I  -*•  X  may  be  considered  a  path  in  X  where  the  compact  open 
X 

topology  on  X  coincides  with  the  uniform  topology.  Now,  tha  proof  in  [4,  pages  93-94] 
applies  to  show 

a)  (N(f,U)]H[N(g,U)]  •  I  (N(f  ,U) )  •  I  (N(g,U) ) 

b)  N(f,U)  is  not  H-related  to  some  N(g,U)  *  I ( f , U)  ■  0 
thie  completes  the  sketch  of  the  proof. 

We  will  also  find  in  useful  to  express  local  Nielsen  classes  in  terms  of  universal  covers 
after  the  manner  of  Jiang  [6].  Given  f  :  U  *  X,  where  X  is  an  ENR,  the  components  of  V 


are  open  and  since  Fix  f  is  assumed  compact 


Fix  f  lies  in  a  finite  number  of  these  com¬ 


ponents  and  each  of  these  components  produces  distinct  local  Nielsen  classes.  There  is 


therefore,  no  essential  loss  of  generality  if  we  assume  U  and  X  are  connected 


U  U  denote  the  universal  covers  of  X  and  U 


These  choices  uniquely  determine  fixed  lifts  i  and  f  such  that  i (u  ) 


Furthermore,  if  we  let  t(U)  and  n  denote 


n,  i  and  f  induce  homomorphisms 


with  characterizing  equations 


We  should  also  note  that  all  the  lifts  of  f  have  the  form  fa,  at  s  and  fa  *  fg  iff 


Now,  let  Coin  [fa,  i]  denote  the  coincidence  set  of  fa  and  i;  i.e 


Coin[fa,  i]  -  {u  t  0  :  (fa) (u)  *  i ( u) ) 


3.6  Proposition.  Each  set  n  (Cointfa,  i)),  a  e  it,  is  a  Nielsen  class  or  empty 


Furthermore 


h  (Cointfa,  i) )  »  n,(Coin[fe,  i]) 


iff  there  is  a  o  €  u(U)  such  that 


or,  equivalently,  for  some  o  t  n 


proof .  a)  Suppose  u  and  v  belong  to  Coinlfa,  i) .  Then  a  path  C  in  U  from 
u  to  v  induces  a  path  C  from  u  »  Hy(u)  to  v  «  n^lv)  in  11  which  does  the  job  for 
showing  that  u  and  v  are  Nielsen  equivalent  fixed  points  in  U.  Thus, 

HyiCoinlfa,  il)  c  some  Nielsen  class  N(f,U) 
b)  Each  fixed  point  u  t  U  determines  an  a  e  n  as  follows.  Choose  u  <  n^lu). 


a  is  determined  by  the  condition 


so  that 


and  hence 


(fa)  (u)  =  i (u) 


u  t  Coinlfa,  i) 


u  (  n^fCoinlfa,  i)) 


for  some  J  (  i.  It  is  a  simple  matter  to  show  that  where  u  and  v  are  Nielsen  equivalent 
in  U,  we  may  choose  u  and  v  above  to  yield  exactly  the  same  a  «  s .  Thus,  each  local 
Nielsen  class  is  contained  in  some  r^tCoinlfa,  i]).  This  verifies  the  first  part  of 
Proposition  3.6. 

c)  Now,  suppose 

n0 (Coin l fa,  i] )  *  n^lCoin  IfB,  il ) 

Then,  we  have  u,  in  0  such  that 


(fa) 


Then 


(u)  »  f(u),  (fgMu^)  =  f(u1>,  c(u)  *  u^,  a  t  it(U) 


(fa) (u)  -  i (u)  »  (o'1fa)(u1)  »  (i  iw (a-1) ) (Uj) 


•  (o_1fa  i0<a)>  (uL)  -  i(«1) 


-  a'1(fa)iu(o)  -  fB 


a  e  t(u) 


Since  this  last  equality  is  equivalent  to 


^(0  1)a  iylo)  •  B 
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and  also  implies  (as  a  simple  exercise) 

n^Coinlfa,  i))  -  n0(Coin[f8,  il)  , 

the  proof  is  complete. 

3.7  Definition.  Given  homomorphisms  (of  groups) 

t|i  j  it*  -►  it  #  :  it'  -►  * 

We  introduce  the  right  action  of  it'  on  it  by 

a  *  a  -  <?(o  *)a  t|;((?)  ,  a  t  it',  a  £  i  . 

The  resulting  set  of  orbits  Rt^,  is  called  the  set  of  Reidemeister  classes,  i.e.  each 
orbit  is  a  Reidemeister  class. 

3.8  Definition:  Given  a  compactly  fixed  f  :  U  -*■  X  and  corresponding  homomorphisms 
iy  :  it (U)  •*  it,  ^  :  n(u)  -*■  it  (as  above),  we  call  Rtiy,^]  the  set  of  local  Reidemeister 
classes  on  U  generated  by  f. 

3.9  Proposition:  The  correspondence 

T  :  [a]  «■  fly  (Coin  [fa,  i)) 

takes  Reidemeister  classes  to  Nielsen  classes  bijectively  provided  we  ignore  those 
Reidemeister  classes  [a]  for  which  Coin[fa,  i]  -  $. 

Proof .  Immediate  from  Proposition  3.6. 

Suppose  we  let  0  denote  the  component  of  n  1 (U)  which  contains  xq  e  n  *(i(u  )). 
Then,  n|u  :  U  ■*  U  is  a  covering  map.  It  is  easy  to  see  that  n^tU.x^)  corresponds  to  the 
kernel  of  i^  :  it(U)  -►it  and  hence  the  covering  map  n|u  is  regular  and  furthermore 
f  :  0  -*  X  has  a  unique  lift  f  :  ( U » xo )  ■*  (X,yo>  and  hence  a  diagram 


The  following  lemma  is  easy  to  prove,  because  if  »  f. 
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L 


3.10  Lemma .  For  a  t  it 

i(Coin(fa,  il)  =  Fix(fa) 

and  hence 

n^Coinlfa,  i)  -  n|u(Fix  fa) 

We  also  have  the  following  result.  Let  "(U)  -  it  (U)  and  j  s  tr(U)  -»  n(U)  the  natural  pro- 

ker  i 

jection.  We  also  have  diagrams  u 

It  (U)  - - >  IT 

\  ll 

It  <u) 

3.11  Lemma.  Since 

^(o_1)a  iyto)  -  ^(j  (o)-1)a  ( j  (a) ) 

the  identity  map  id  :  it  -»  n  induces  a  bijection 

RIV  V-^Rliu'  V  • 

Thus,  Proposition  3.9  may  be  reformulated  as  follows: 

3.12  Proposition.  The  correspondence 

R[iy>  -  W f,  U) 

which  takes 

[a]  •*  n|0(Fix  (fa) ) 

takes  Reidemeister  classes  to  Nielsen  classes  bijectively  provided  we  ignore  Reidemeister 
classes  [a)  for  which  Fix  (fa)  «  $. 

Suppose  U  c  V  c  X,  where  U  and  V  are  both  open,  connected  subsets  of  X, 
fy  i  V  ■*  *  is  a  given  map,  and  U,  V,  X  are  the  corresponding  covering  spaces.  Then,  as 
before  we  have  fixed  lifts 

-  i„  -  -  *o  -  -  *v  -  -  *v 

U  - =-¥  X,  U  - =— »  X,  V ?—*  X,  V  - »  X 


It  (U)  - >it 


tt  (u) 
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cover  inclusions  (which  are  not  designated)  and  [  ,  f  cover  f  and 


U  •»  V  of  the  inclusion  map  U  «■»  V  with  the 


property  that  i 


n  (U)  *■  n  (V)  is  uniquely  determined  by  the  condition 


Now  a  simple  argument  shows  that 


Furthermore,  the  identity  map  s  -*•  s  is  equivalent  with  respect  to  the  map  i 


thus  inducing 


3.13  Convention:  If  K  c  x  is  an  set  and  U  =  int  K,  it  is  convenient  to  set 


Given  a  compactly  fixed  f  :  U  ■+  X,  it  may  be  impossible  to  find  a  compact  set  K  in 


U  such  that  the  fundamental  group  it(K)  "captures"  all  of  it(U).  Thus,  the  natural  map 


need  not  be  injective.  However,  the  following  result  indicates  that  such  a  K  captures  the 


essential  information  on  Fix  f  in  U 


3.14  proposition.  Let  f  :  0  •*  X  denote  a  compact  fixed  map,  where  X  is  an  ENR 


Then,  there  exists  a  compact  set  K  c  0  such  that  Fix  f  c  int  K  and  N(f,0)  =  lf( f,K) 


Proof.  First,  using  the  fact  that  X  is  locally  compact,  choose  a  compact  set  L  such 


that  Fix  f  c  int  L.  Each  Nielsen  class  N(f,L)  of 


lies  in  a  unique  Nielsen  class 


thus  defining  a  surjective  function  \)>  :  .V(f,L)  ■*  Nlf.V).  If  N.  and  N.  are 


Nielsen  classes  in  N(f,W  such  that  )  "  iMN.) 


in  U  from  n 


f(a,  .).  Only  finitely  many  such  pairs  N.,  N.  occur  so  that  there 


to  N .  such  that  a 


is  a  compact  set  K  c  0  such  that  Fix  f  c  int  K  and  the  Daths  a 


it  is  clear  that  the  corresponding  map  ij >  :  JV(f,K)  -*■  N( f,U)  is  the  identity 


3.15  Corollary,  Let  f  :  U  *  M  denote  a  compactly  fixed  map,  where  0  is  an  in  on  set 
in  the  manifold  M.  Then,  there  exists  a  manifold  (with  boundary)  K  .  u  such  that  the 
Nielsen  classes  in  .V(f,U)  and  3f(f,K)  correspond  identically.  Furthermore,  if  U  is 
nected  we  may  choose  K  to  be  connected . 

3.1t>  Corollary.  If  f  :  U  ■»  X  and  K  are  as  in  Proposition  3.14,  the  correspondence 

hK  !  RlV  V  *  *lV  V 

is  bijeetive  provided  (usinq  Proposition  3.9)  we  restrict  ourselves  to  Reidemeister  classes 
which  correspond  to  Nielsen  classes. 


4.  Preliminaries  to  Calculating  o(f,U) 


Let  p  :  E  -*  M  *  M  denote  the  fiber  map  ( S 2 )  replacing  the  inclusion  map 


will  denote  the  fiber  over  (u,v) .  Given  a  tubular  neighborhood 


T  of  the  diagonal  A  c  M  *  M,  let  T  -  T  -  A.  Then,  given  u  e  M  and  a  local  orientation 


we  can  assign  an  element 


as  follows:  Let  A  denote  the  diagonal  in  M  *  M,  with  corresponding  tubular  neighborhood 


T.  If  T  denotes  the  complement  of  the  O-section  in  T,  we  have 


where  (u,v)  e  T,  (u,v)  ►*  (u,v) ,  and  u,  v  are  constant  paths  at  u  and  v,  respectively 


M  ■*  M  *  M  given  by  y  -*  (u,y)  .  If  we  choose  a  Euclidean  neighborhood  W  of  u  and  an 


orientation  of  W 


an  imbedding 


(which  take  o  to  u)  determines  an  element  of  it  (M,  M  -  u,  v)  and  hence  (see  the  diagram 


above)  an  element 


H  (M  *  M,  M  x  M  -  C  (A))  as  follows:  Given  u  over  u,  the  imbedding  i  lifts  to  an 


imbedding  i 


a)  •*  (W,  W  -  u,  v)  ,  where  W  covers  W.  Define 


then  it  is  easy  to  see  that 


The  following  lemma  is  easy  to  prove 


4.1  Lemma:  Let  U  denote  a  connected  open  set  in  M.  If  U  is  non-orientable,  any 
choice  of  local  orientations  leads  to  a  function  g  :  V  ■*  S  with  the  property  that  for  (x,y) 
and  (u,v)  <  Tq  n  (u  *  U)  ,  there  exists  a  path  (a,  6)  in  Tq  n  (0  *  0)  from  (x,y)  to 
(u,v)  such  that 


(a,  8)  _  :  x  ,  (F,  , )  -»  e  ,  (F,  .  ) 

#  m-1  (x,y)  m-1  (u,v) 

takes  g^  to  gu-  In  the  orientable  case  the  result  holds  provided  local  orientations  are 
chosen  compatibily. 

Now,  let  (x,y) ,  (u,v) ,  (u',v*)  belong  to  Tq  n  (int  L  *  int  L)  and  consider  (x,y) 

as  our  base  point  with  e  (F,  .)  identified  with  with  g  corresponding  to  1  £  s . 

m  l  x  #  y )  x 

4.2  Lemma;  Suppose  (a, 6)  is  any  path  from  (u,v)  to  (u',v').  Suppose  further  that 

(a  ,8  ),  (a, ,8.)  are  paths  in  T  from  (x,y)  to  (u,v)  and  from  (x,y)  to  (u',v'), 

O  O  1  1  o 

respectively,  as  in  Lenina  4.1  (see  diagram  below).  Then,  under  the  isomorphism  of  local  groups 

(a'B)#  ••  Vi(p(u,v))  *  Vi^iu-yi1 

we  have 


-1, 


(a,8)#gu  =  (sgn  o)  (<^,8^(10  ) 


where  <V6oVx  -  gu  .  <«i'Si>#9x  *  9U.  »"d  0  -  T 


Figure  1 


Proof. 


(a,8)#gu  =  (a,8)#(ao,8o)#gx 


=  (a  ,  8. )  „  (a  ,  8,1  „1(a,  6)  „  (a  ,  8  )j,g 

1  1  #  1  1  #  #  O  O  tr  X 

=  (a1'6i)#,9x  ° 

=  (sgn  a)  (a  ,6^(10  1) 

4.3  Convention.  If  a  is  a  path  from  u  to  u’  and  8  is  a  path  from  v  to  v’ 
where  u  is  "close  to"  v  and  u*  is  “close  to"  v*  in  the  sense  that  (u,v)  u  (u',v*)  c  T  , 
the  statement  a  ~  8  (mod  endpoints)  will  mean  that  there  is  a  homotopy  from  a  to 

8  :  H  :  I  x  i  -*■  m  such  that  H(0,t)  and  H(l,t)  trace  paths,  with  (u,  H(0,t)),  (u‘,  H(l,t)) 
in  T  .  Alternatively,  one  may  replace  6  by  a  path  6'  from  u  to  u‘  with  8'  close  to 
8  and  then  a  ~  8  (mod  endpoints)  mean  a  ~  8'  with  endpoints  fixed,  as  usual. 

4.4  Corollary.  If  in  Lemma  4.2,  a  ~  6  (mod  endpoints),  then 

<o.B)#(gu>  =  (sgn  o)gu, 

where  a  =  a  aa, 1 . 

o  1 


Let  f  :  U  -*•  M  denote  a  compactly  fixed  map  with  U  connected  end  choose  a  base  point 

x  k  Fix  f.  The  local  group  of  B(f)  at  x  is  ti  ,  (F,  )  ,  where  b  =  (x  ,  f(x  )). 
o  o  m-1  b  o  o 

tt  (F.)  is  identified  with  Z[ir]  and  the  right  action  of  n(U)  =  tt  (U,  x  )  on  Z[tt]  is 
m- id  i  o 

given  by 


a  o  a  =  sgn  a  iyto  1)a  v^fo) 


o  e  tt(U) 


1  E  I 


Define  a  new  right  action 
(*) 


-1, 


a  *  a  =  ^(o  )a  iy(a) 


o  e  it  (U) 


Now,  denote  the  twisting  action  of  tt(U)  on  Z  by 


n  •  a  -  (sgn  cr)n 

and  consider  the  bilinear  pairing 


•  •/ 

a  e  tt  (U)  ,  n  e  Z 


P  :  Z  [tt]  ■  Z  Z  [tt] 
o 


U'-JL  > 
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■  t  -V  t< 


TX  ' 


-  /' 
’.I 


)  o. 


defined  by 


4.5  Lemma.  Let  o  e  it  (U)  ,  then  the  pairing  (4)  satisfies  the  condition 


i.e.  P  is  equivariant 


Let  T( U)  denote  the  orientation  sheaf  of  twisted  integers  over  U.  Then  for  x  <  U 


the  Hurewicz  homomorphism 


induces  a  coefficient  homomorphism  h  :  B  (U)  ■*  T(  U)  where  B(U)  •  B(i)  and  i  :  U  •*  M  is 


inclusion.  In  particular  ,  using  as  base  point  x  e  U,  we  may  identify 


H  (M,  M  -  x)  5  *  with  h(g  )  ►*  1 


4.6  Corollary .  Let  R(f)  denote  the  local  system  on  U  induced  by  the  action  (*) 


Then,  P  induces  a  bilinear  pairing 


so  that  over  every  x  e  0 


4.7  Remark .  Corollary  4.6  is  valid  for  L  a  compact  connected  submanifold  with  boundary 


3l,  L  c  u.  In  particular  we  have  a  corresponding  pairing 


where  the  local  systems  B(f,L),  t(L),  i?(f,L)  are  restrictions  from  U  to  L 


Now,  let  L  denote  a  compact,  connected  triangulated  manifold  with  boundary  3L  such 


that  L  c  u.  Assume  also  that  L  is  triangulated  so  that  adjacent  m-simplexes  are  contained 


in  the  same  Euclidean  neighborhood  in  0.  L  determines  fundamental  classes  as  follows 


If  s  is  an  oriented  simplex  of  L  and  u  is  a  point  on  3s,  then  using  Lemma  4.1 


the  orientation  of  s  determines  an  orientation  around  u  and  thereby  an  element 


(F.  )  ,  b  -  (u  ,v  )  and  v  is  near  u 


4.4  Definition.  The  m-chain  \  g  s,  where  the  sum  runs  over  a  basis  of  oriented 


m-simplexes  of  (L,3D,  determines  the  homology  class 


where 


i*iiL-*-MxM,  which  we  call  the  twisted 


is  induced  from  B 


it  -  fundamental  homology  class  of  (L,3L)  in  M 


Let  u(L)  e  H^(L, 3L;  i(L))  denote  the  classical  twisted  integral  homology  class  on 

(L,3L)  |  7],  Since  at  the  chain  level  u(L)  has  the  form  Y  h(g  )s,  one  sees  that  under 

s 

o 

the  induced  coefficient  homomorphism  h.  :  H  (L,3Li  B( L) )  ■*  H  (L,3L;  T( L) ) 


The  corresponding  dual  fundamental  cohomology  is  defined  as  follows: 


4.5  Definition.  Let 


denote  an  oriented  m-simplex  of  (L,3L).  The  m-cochain 


leads  to  a  cohomology  class  u(L>  n)  e  h(L,3L;  BCD)  called  the  twisted  x  -  fundamental 


cohomology  class  of  (L,3L)  in  M 


4.6  Remark .  Using  Lemma  4.2  one  shows  easily  that  p < L. j  n)  is  independent  of  s,  i.e 


are  cohomologous .  Also,  if  we  let  p(L)  «  H  (L,3Lj  t(L))  denote 


the  classical  twisted  (over  Z)  cohomology  class  [7]  y(L,n)  maps  to  u(L) 


via 


4.7  Proposition.  <u(L,n),  u(L)>  »  [1)  «  R[i  ,i  ] 


Proof.  Fix  a  simplex  s  and  a  base  point  u  t  3s.  Then 


Therefore 


where  the  cap  product  is  induced  by  the  pairing 


where  fit L)  »  f?(i).  But,  under  the  isomorphism  H  (Lt  fl(L))  5  XRli.il,  [1  •  u  1  corresponds 


to  [1],  the  Reidemeister  class  in  R[i  , i  1  containing  leu.  Therefore 


These  fundamental  classes  pass  to  U  is  the  usual  fashion  as  follows.  First,  if  L  denotes 


L  minus  a  small  "collar"  around  the  boundary,  then  the  image  of  u(L;  it)  under 


determines  w(U;  it)  e  H  (U|S(U))  the  twisted  it  -  fundamental  cohomology  class  of  U.  Further 


more,  if  A  is  the  family  of  compact,  connected  manifolds  L  with  boundary  3L  such  that 


L  c  u,  once  can  choose  a  compatible  A  family  [  8] 


i  it),  the  twisted  ti  -  fundamental  homology  class  of  U.  In  a  similar  fashion 


a  compatible  A  family 


determines  the  twisted  fundamental  class  (up  to  sign)  of  U. 

Finally,  for  any  compactly  fixed  f  :  U  •*  M,  the  pairing 

P  :  0(f)  u  T( u)  -►  0(f) 

induces  a  Kronecker  product 

ra  ('.  P(U) > 

Hc(U,  0(f))  - *-*R[iu, 

induced  by 

,0 

m  C.  U<L)  >  h, 

H  (L,3L;  0  (f  ,L)  ) - = - >XR[iT  ,  ] - — >XR[i  ,  *  ) 

Li  Li  U  U 

where  0(f,L)  is  0(f)  restricted  to  L. 

4.8  Remark.  A  simple  direct  argument  (without  invoking  duality)  shows  that 

C.  M  (L)  >  :  Hm(L,3L;  0(f,L))  --ZR[iT,*t) 

“  Li  Li 


is  an  isomorphism. 


5.  Calculatinq  the  Local  Obstruction  Index  o(f) 

\\ 

We  assume  again  the  data  (M,  f,  U)  of  2.3,  with  the  added  assumption  the  U  is  con¬ 
nected.  We  also  assume  that  K  is  a  compact  manifold  with  boundary  and  Fix  f  c  int  K.  Our 
immediate  objective  is  to  compute  the  local  obstruction  index  o(f,K)  e  Hm(K,3K;  fl(f,K))  of 
f  on  K  (Definition  2.5).  We  focus  our  attention  first  on  one  of  the  components  L  of  K 
and  then  o(f,K)  will  be  computed  in  terms  of  its  components  o(f,L)  £  Hm(L,3L;  9(f,L)). 

Thus  our  immediate  objective  is  to  prove,  using  the  notation  in  §4,  the  following  result. 

5.1  Theorem.  Suppose  f  s  U  *  M  is  a  compactly  fixed  map  and  L  a  connected  compact 
submanifold  with  boundary  3L  such  that  L  c  u  and  (Fix  f) n  3L  ■  $.  If  o(f,L)  is  the 
local  obstruction  index  of  f  on  L  in  U,  then  using  the  pairing  (§4)  9(f»L)  a  ,"(L)  * 
f?(f,L)  we  have  that  under  the  isomorphism 

c,  u(L)>  :  Hm(L,3Ll  ■*  ZR[i^, 

<o(f,L)  ,  jj(L)  )  «  l  I(p)p 
P€  R 

where  R  *  R ( i  ,  1  is  the  set  of  Reidemeister  classes  and  I(p)  is  the  index  of  the  Nielsen 

L  L 

class  corresponding  to  P  under  the  map  T  :  R(i  1  -*•  K(f.L)  of  Proposition  3.9. 

L  L 

Before,  giving  the  proof  of  Theorem  5.1,  we  prove  a  succession  of  lemmas.  Some  of  these 
closely  parallel  corresponding  ones  in  the  global  case  [1)  so  we  may  omit  some  details. 

We  assume  now  (without  loss  of  generality) ,  in  addition  to  the  previous  data  that 
Fix  (f)  n  L  is  finite  and  each  fixed  point  lies  in  the  interior  of  a  maximal  simplex  of  a 
triangulation  of  L.  Furthermore,  each  such  simplex  s  is  contained  in  a  Euclidean  neighbor¬ 
hood  V  and  if  Fix(f)  n  s  ♦,  then  f(s)  c  v  . 
s  s 

* 

Consider  the  section  u  =  u  s  L  -  Fix  f  ■*  E  given  by 

L 

u(y)  ■  (y,  f (y)  x  e  L  -  Fix  f  . 

Thus,  the  cochain  c(f,L)  £  Cm(L,3Li  B(f,L)),  representing  the  obstruction  o(f,L)  is 
given  by  the  following: 
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If  s  is  an  oriented  m-cell,  then 


where  u  e  3s 
s 

orientations. 


c(f,L)  (s) 


and  when  (Dm,  s' 


{ 

l' 


0 

if 

s  n  Fix 

f 

-l 

)) 

*  ] 

€  7T 

i  to 

U 

s 

m- 

1 

s 

• 

ao> 

and 

(s,  3s, 

u 

♦ 

otherwise 

are  identified, 


(u)  *  (u~u  ,  (f  (u)  f(v  ))) 
s  s  s 


where  uv  is  the  directed  line  segment  from  u  to  v  (see  Figure  2) . 


Fix  f 


f(u  ) 
s 


Then,  as  noted  in  [11,  a  simple  homotopy  argument  shows  that  if  we  let 
:  (x,3s)  ■*  (M,  M  -  x)  be  given  by 


5  (u)  -  flu)  -  u 
s 


where  V  5  Rm  and  x 
s 

by  us)  ,  we  have 


0,  x  e  Fix  f  n  (int  s) ,  then  if  we  let  y 

S 


if  s  n  Fix  f  -  $ 

,  otherwise 


6 

s 


preserving 


u  (translation 
s 


where  t>J  i  ”  (M,  M  -  u  ,  f(u  ))  =  *  (M  *  M,  M  *  M  -  A,  (u  ,  flu  ))) 
*  m  s  s  m  s  s 

Thus,  since  u  -  f(u>  determines  the  (numerical)  local  index  I(f,x) 


=  s  .  (F  .  . .  , .  )  . 

m-1  (u  ,f(u  )) 
s  s 

at  x,  we  have 


c(f.L)  Is) 


if  s  «  Fix  f  «  | 


J-U 


Ind(f,x)g  , 

o 


otherwise 


Thus,  we  have  the  following  proposition. 

5.2  Lemma.  The  local  obstruction  index  o(f,L)  has  the  cochain  representation 

c(f,L)  -  <-l)m  y[I(f,s)g  Is 
*■  s 


where  I(f,s)  is  the  local  index  of  f  on  s. 

5.3  Remark.  The  unhappy  sign  (-1)™  is  the  result  of  using  1  x  f  .-  U  >  M  x  M,  rather 

than  f  *  1;  thus  encountering  f  -  id,  rather  than  id  -  f. 

Let  JV(f,L),  denote  the  local  Nielsen  classes  of  f|L,  designated  individually  by 
N^(f,L),...,N^(f,L) .  For  each  j  pick  a  simplex  s..  containing  a  fixed  point  repre¬ 
senting  Nj(f,L).  If  s  is  another  simplex  containing  a  fixed  point  of  N_.(f,L),  then  there 

is  a  path  a  from  s  to  s,  such  that  a  ~  f(a).  Thus,  since  g  s  to  cohomologus  to 

3  s 

(sgn  (a,  s,  s.) (a,  f(a))„(g  ))s.  and  since  (a,  f(a))„(q  )  =  sgn  (a,  s,  s,)g  ,  we  have 
3  #S3  *  s  3  s  ^ 

5.4  Proposition.  The  local  obstruction  index  olf.L)  has  the  cochain  representation 

c’(f,L)  -  l-l)m  [(I(N.(f,L))g  Is. 

j  3  Sj  3 

where  the  sum  is  over  the  local  Nielsen  classes  )V(f,L)  and  l(N^(f,L))  is  the  (numerical) 
index  of  (f ,L) , 

5.5  Corollary.  (Local  Wecken  Theorem).  A  necessary  and  sufficient  condition  that  f | L 
be  deformable  in  M  (relative  to  3L)  to  a  fixed  point  free  map  is  that  the  local  Nielsen 
number  n(f,l)  ■  0,  i.e.  n(f,L)  »  0  «“*  o(f,L)  -  0. 

Now,  choose  a  simplex  s^  in  L  and  assume  that  our  base  point  is  u^  c  3Sj  and  we 

identify  s  ,  <F,  ..)  with  *[n),  g  corresponding  to  1.  See  Figure  3. 

m-i  (u, , r (u. it  s. 
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•  '  ■"  '  '  J  .  j. 

w*w«* 


Choose  for  each  j,  a  path  id..  in  L  such  that 

(“j'“j)#(gs.)  -  gSl  • 

Then,  q  s.  is  cohomologus  to  [sgn  (u> , ,  s  .  ,s)  (u  .  ,f  (id  .) )  (g  )]s  where,  by  Lemma  4.2, 

Sjj  3  3  3  3  *  sj  * 

(aj.,f<u.))„(g  )  =  sgn  o.(t  o.1) 

3  3  *  Sj  3  3  3 

where  a.  =  Iu-1u.],  x,  «=  lu-1f(u)  )].  Since  a  =  1  and  sgn(ui.,s  ,s)  »  1,  we  have  g  s 
333333  33 

-X  J 

cohomoXogous  to  Tjsi  where  x^  ■  [io^  f(u  )].  See  Figure  3. 

5.6  Lemma.  The  local  obstruction  index  o(f,L)  has  the  following  cochain  representation 
concentrated  at  s^  where  the  local  group  at  s^  is  identified  with  *[lr): 


c"(f,L>  =  (-l)1"  (J.IW  (f.Olt.ls 
j  3  3 


where  x^  «  it  is  given  by  x^  -  [w^f  (a^)  ]  for  an  appropriate  path  from  the  Nielsen 

class  N^(f,L)  to  the  Nielsen  class  N^^  ( f  ,L)  . 

5.7  Lemma.  If  x  and  x.  are  fixed  points  of  f  |l  in  simplexes  s  and  t,  respec- 
— — — —  s  t 

tively  and  if  wg,  and  are  paths  from  s  to  and  t  to  such  that 

(W#gs  “  V-  (W#gt  “  gs. 


I 
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tttjjfKt 


then  x  and  xt  are  Nielsen  eouivalent  in  L  if,  and  only  if,  x  *  =  (f(w  ^ ) u>  j  and 
s  t  s  s  s 

=  [ f  (U)^ )  are  Reidemeister  equivalent  on  L,  i.e. 

x  =  V>(0_1)T.  i.  (0)  ,  O  €  H(L)  . 

s  L  t  L 

Proof.  By  the  argument  precede —  T  ~mna  5.6,  we  have  (ui^,  f  <(,;g) )  (gss)  =  Ts  = 

Suppose  y  is  a  path  in  L  from  s  to  t  with  y  ~  f(y)-  Then, 

t'1  =  lf{«-1)w  ]  =  [f(w_1)f(Y)f(u.)f(u"l)u).  co~1Y-1a>  ]  =  ^  (o_1)t  i  (a)  , 

s  ss  s  ttttsL  tL 

where  o  =  [u  ^Y  *<p  )  «  n(L) . 
t  s 

5.8  Lemma.  Let  T  denote  the  correspondence  of  Proposition  3.9  from  the  Reidemeister 

classes  R[i  ,  * L]  to  the  Nielsen  classes  N  (.  f  ,L)  .  Then,  if  t.  =  (u  .  f  (u  . )  ]  ,  as  in 
L  L  3  3  3 

Proposition  5.6,  we  have 

TUt'1])  =  N.(f,L) 

Proof.  Let  x..  denote  the  fixed  point  in  s^,  and  x^  the  fixed  point  in  x^.  Use 
x^  as  base  point  and  then  apply  part  b)  of  the  proof  of  Proposition  3.6. 

If  T  :  R[i  ,  if l]  -*■  N(  f,L)  is  the  correspondence  of  Proposition  3.9,  between  Reidemeister 
L  L 

classes  and  Nielsen  classes,  then  we  set  N  =  T(p).  Also,  we  set  I ( p )  =  I(N  ),  the  index 

P  P 

of  the  corresponding  Nielsen  class.  Of  course,  if  T(p)  =  we  set  I(p)  =  0. 

We  can  now  give  a  short  proof  of  Theorem  5.1. 

Proof  of  Theorem  5.1.  Using  Lemma  5.6 

<c"  (f  ,L)  ,  l  h(g  )  s  >  =  (-l)m  l  I(N  .  (f  ,L) )  tT1  e  *[ir]  . 

s  j  J  3 

Passing  to  Reidemeister  classes  on  the  right,  we  obtain 

<o(f,L),  p(L)  >  =  (-1)1"  l  I(p)p  e  *R[iL,^]  . 

P 

5.9  Corollary.  Let  f  :  U  -*•  M  be  compactly  fixed  and  let  K  =  U  L^ ,  a  finite  disjoint 
union  of  connected  submanifolds  with  boundary.  Then  under  the  isomorphism 


y  C.  W(L  ))  !  Hm(K,3K;  fi(  f  ,K) )  5  l  h“(L.,3L.I  3<f,L  )) 

j  1  i  . 

i 

*Rl  i„i  *.1  5  [  *RU,  .  1 

K  K  j  S  3 

we  have 

<o(f,K)  ,  l  p(L  >  >  -  l  l  I(P)P 
j  P£Rj 

where  R  .  ■  R(  i  » ■f.  1  . 

3  Lj  Lj 

5.10  Corollary  (global  case).  Let  f  :  M  ■»  M  denote  a  self  map  of  a  compact,  connected 
manifold  with  boundary  3M  such  that  Fix  f  is  compact  and  (Fix  f)  n  3M  *  4  .  Then  the 
global  obstruction  index 

o(f)  t  Hm(M;  3(f)) 

is  given  by 

<o(f)  ,  U (M)  )  -  l  1(0)0 
peR 

where  R  «  R[id,v?)  and  ^  “  ft:  v  ■*  x  »  n^(M). 

5.11  Corollary.  Let  f  :  U  -*  M  be  compactly  fixed.  Suppose  K  is  a  compact  sub¬ 
manifold  with  boundary  such  that  K  c  U,  Fix  f  c  int  K  and  the  Nielsen  classes  JV(f,U)  and 
tf(f.K)  are  identical.  (The  existence  of  such  a  K  is  guaranteed  by  Proposition  3.14).  Then 
o(f)  -  0  if,  and  only  if,  o(f,K)  «  0. 

Proof.  The  11  if  part”  is  obvious.  On  the  other  hand  suppose  o(f)  m  0.  Then  for  some 
K' ,  K  c  K'  c  u  we  have  o(f,K')  -  0  and  hence 

0  -  <o(f ,K* ) ,  y (K* )  )  -  l  I(p)p 
peR* 

thus,  I(p)  ■  0  for  all  Reidemeister  classes  in  R’  “  Rt iR, ,  1 •  Consequently,  all  the 

Nielsen  classes  in  K'  have  index  0.  This  forces  all  the  Nielsen  classes  of  f  relative  to 
K  to  be  inessential  and  thus 
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there fore 


5.12  Theorem.  Suppose  f  :  U  •»  M  is  compactly  fixed  with  U  connected.  Then,  under 


the  isomorphism 


we  have 


Proof.  Choose  a  connected  K  satisfying  the  condition  of  Corollary  5.11.  Let 


denote  the  correspondence  in  53.  Then 


5.13  Corollary.  Suppose  f  :  0  -*  M  is  compactly  fixed.  Then  f  is  deformable,  via 


a  compactly  fixed  homotopy,  to  a  fixed  point  free  map  g  :  U  ■»  M  if,  and  only  if,  the  local 


Nielsen  number  n(f,U)  «  0 


Suppose  now  that  f  j  U  ■*  M  as  usual,  l  ■  5  l .  c  K  <=  U  such  that  Fix  feu  (int  L,) 


and  L . ,  K  are  connected  submanifolds  with  boundary.  We  want  to  describe  now  how  o(f,L) 


in  H  (L,3L)  B ( f ,  L) )  "coallesces"  to  o(f,K)  in  H  (K,3K;  5(f,K))  thus  yielding  the  appro 


priate  "additivity  property"  for  our  generalised  local  index.  Ne  make  use  of  the  correspoiv 


dences  ($3) 


5.14  Lemma.  If  p  t  R(i  1  and  l(p)  is  its  (numerical  index,  then 


where  P 


Proof .  Let  N^(L  ,  f)  denote  the  Nielsen  class  in  (V(  L..f)  corresponding  to  6  t  P 


Recall  (§3)  that  given  a  fixed  point  x  t  N(p) ,  the  Reideraeister  class  p  is  determined  by 


the  element  a  e  n  subject  to  the  condition 


where  x  «  n 


(x) .  Such  an  x  belongs  to  some  L.  and  hence  to  some  Nielsen  class  N  (L.,f) 


where  8  is  the  L .-Reidemeister  class  belonging  to  N„(L.,f).  We  need  to  show  that 


(6)  "  P .  Or,  equivalently  that  a  also  represents  8.  Choose  x  =  l 


and  then 


and  thus  a  does  represent  8,  and  hence 


The  reverse  inclusion  has  a  similar  argument  and  is  omitted 


The  following  theorem  is  a  consequence  of  Lemma  5.14 


5.15  Theorem  (Additivity) .  Let  f  :  U  ■*  M  be  compactly  fixed  and  suopose  V  =  H  V 


is  a  disjoint  union  of  open  sets  in  U  covering  Fix  f.  We  identify 


where  R 


Then,  under  the  correspondence 


hv  !  RIW  -  RlVV 


o(f.v)  ;  l  l  i(6)6  ■*  l  (7  7  i (6) ) p  ;  o(f.u) 

j  BtR^  pcR  j  B'Pjfp) 


where  P.(p)  -  (B  :  |  h^  (6)  -  p). 

3  j 

5.16  Remark.  When  M  is  1-connected,  Theorem  5.15  redu  es  to 

I(f,K)  -  l  I(f,L.) 

j  -1 

the  “addivity  property"  of  the  classical  (numerical)  local  index. 

The  next  result  is  another  application  of  Theorem  5.1. 

5.17  Theorem.  Suppose  f  :  M  ■*  M  is  a  compactly  fixed  map  on  a  connected  manifold 
with  boundary  such  that  (Fix  f)  n  3M  *  Suppose  K  is  a  connected  submanifold  with 
boundary  and  Fix  f  c  int  K.  If  iR  :  n(K)  -►  x  is  surjective  then 


a) 

hK  ’  R[W  * 

RlW 

is  bijective 

b) 

N( f,K)  =  Nl f,M) 

=  Nit) 

c) 

n(f,K)  *  n(f,M) 

“  n(f) 

d) 

o(f,K)  -  0  if. 

and  only 

if,  o(f ,M)  =  0 

Proof .  a)  is  a  simole  exercise  which  establishes  a  one-one  correspondence  between 
Nielsen  classes  relative  to  K  and  Nielsen  classes  relative  to  M.  Then  d)  is  an  immediate 
consequence  of  Theorem  5.1. 
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of  f  has  fixed  points  in  U.  o(f,U)  is  not  integer-valued  but  takes  its  value 
initially  in  the  cohomology  group  H^(U,B(f))  where  m  =  dim  M,  and  3(f)  is  an 
appropriate  local  coefficient  system  on  U  with  local  group  3C [ it ]  ,  v  =  ^(M).  In 
order  to  compute  o(f,U)  one  employs  a  Kronecker  product 

<  *  ,  M)  :  Hm(U;3(f))  -+ *R[i  *>  ]  . 

c  u  u 

R(iu>V  is  the  set  of  Reidemeister  classes  obtained  from  the  group  -n  using  the 
Reidemeister  action 

a*a  =  v>u(o~1)o  ^(o)  ,  a  c  tt(U)  =  tt^u),  a  e  it 

where  iy  :  ir(u)  -*■  it  is  induced  by  inclusion  ,  =  fA  :  tt(U)  •+  ir,  and  y 

is  the  twisted  fundamental  class  on  U.  Then,  we  have  the  following  basic  result: 

Theorem.  (o(f,U),vi)  =  £  I(f,p)p 

peR 

where  R  =  Rliy,^],  and  I(f,p)  is  the  classical  integer-valued  index  of  f  on 
the  Nielsen  class  corresponding  to  the  Reidemeister  class  p. 


